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Abstract

A numerical study is presented that investigates some aerodynamic
consequences of using sulfur hexafluoride (SFs) as a test gas in wind
tunnels. Inviscid results for airfoils indicate that the shock location cal-
culated for SFg is vastly different from that in air for transonic cases.
As the free-stream pressure is increased for a given free-stream temper-
ature and Mach number, and real-gas effects become more pronounced,
the shock moves progressively forward on the airfoil. Good correlation,
however, can be obtained between SFg and air even for pressures at
which nonideal-gas effects are significant by altering the free-stream SFg
Mach number using a Mach number scaling procedure.

Computations for subsonic turbulent flows over an NACA 0012
airfoil show that the mazimum angle of attack at which steady lift can be
obtained is different between air and SFg. In addition, for SFg this angle
of attack depends greatly on the free-stream conditions. However, close
agreement with air can be achieved at low subsonic Mach numbers by
altering the free-stream Mach number according to the inviscid scaling
procedure. Conversely, calculated viscous results show that even with
Mach number scaling at transonic Mach numbers, the shock location and
skin-friction values calculated between air and SFg are in disagreement.
This is attributed to the limitations of the scaling procedure and to the

thinner boundary layer for SFg.

Introduction

The capability to conduct three-dimensional
wind-tunnel testing at full-scale Reynolds numbers
has long been seen as an important need for air-
craft design. Several of the techniques currently
available for achieving high Reynolds numbers in-
clude various combinations of high pressure, cryo-
genic temperatures, and alternate test gases. An ad-
ditional capability often required is the separation of
Mach number and Reynolds number effects since lo-
cally high Mach numbers may exist on portions of
the model even at relatively low free-stream Mach
numbers. Unfortunately, with the exception of the
National Transonic Facility (NTF) at the Langley
Research Center, which uses cryogenic nitrogen as a
test gas, full-scale three-dimensional testing in which
both the Mach number and Reynolds number can
be varied independently is possible only for a limited
number of configurations. Even here, the complex-
ity and cost of models, the time to cool the tun-
nel, and other complications associated with cryo-
genic temperatures make the use of the NTF very
expensive and cumbersome for the initial develop-
ment stage of new configurations. These limitations
impose severe constraints on the aerodynamic com-
munity since only a limited amount of testing at full-
scale Reynolds numbers is possible.

In an effort to improve this situation, alternative
test gases are being considered that may be used

in order to obtain high Reynolds numbers for full-
scale, three-dimensional configurations. One such
gas is sulfur hexafluoride (SFg), which is odorless,
colorless, nonflammable, nontoxic, and essentially
inert (ref. 1). Its high molecular weight makes this
gas attractive as an air substitute in order to achieve
high Reynolds numbers. Particular interest lies in
the use of pressurized wind tunnels since further
increases in Reynolds numbers can be achieved and
because Reynolds number and Mach number effects
can be varied independently. Unfortunately, even at
low pressures, sulfur hexafluoride does not behave
thermodynamically the same as air. Furthermore,
unlike air, SFg is a nonideal gas whose internal
energy and speed of sound are dependent on both
pressure and temperature. Although this is of little
consequence for incompressible flows, compressibility
effects at higher speeds (such as the variation of shock
locations and boundary-layer properties with Mach
number) differ between the two gases so that the
interpretation of results between air and SFg requires
investigation.

The purpose of this study is to present numer-
ical results as an aid in determining the suitabil-
ity of SFg as a possible substitute for air in wind
tunnels. Nonideal-gas thermodynamic properties for
SFg are included in both inviscid and viscous cal-
culations. The use of simple scaling procedures for
flows over airfoils is examined for correlating the



results obtained in SFg with those of air.
method of analysis and the scaling procedure should
be generally applicable to other nonideal gases for

which the thermodynamic properties are known.

Symbols
A
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Helmbholtz energy, J/kg; also used
for transonic scaling and for stream-
tube area

speed of sound m/sec

coefficients for equation of state for
SFg

defined in equation (15)

coefficients for curve fit of ideal
specific heat C

specific heat at constant pressure,
J/kg-K

specific heat at constant volume,

J/kg-K

airfoil chord; also Sutherland’s
constant

skin-friction coefficient

lift coefficient

pressure coeflicient

total energy per volume, J/m?3
inviscid fluxes

viscous flux

total enthalpy per mass, J/kg
enthalpy per mass, J/kg

bulk modulus, N/m?

constant in equation of state for
SFg; also thermal conductivity,
N/sec-K

Reference length, taken as chord, m
Mach number, V/a

Prandtl number, pCp/k

Reynolds number, pV L/u

pressure, N/m? or atm
conservation variables

specific gas constant, J/kg-K
entropy, J/kg-K

The

o~

&

< &

2.2 m e NBH @
A~

>
*

> xa > M

7
&n

P

T
Subscripts:
b

[

ref

T,y

o0
Superscripts:
(o]

*

temperature, K or °F

time, sec

velocity in z-direction

velocity normal to outer boundary
velocity, m/sec

specific volume, m3/kg; also velocity
in y-direction

Cartesian coordinates, m
compressibility factor

angle of attack, deg

thermal expansion coefficient, per K
ratio of specific heats

effective gamma for transonic
scaling

boundary-layer thickness, m
displacement thickness, m
internal energy per mass, J/kg
momentum thickness, m
transonic similarity parameter
coefficient of bulk viscosity,
N-sec/m?

molecular viscosity, N-sec/m?
general curvilinear coordinates
density, kg/m3

thickness parameter

quantity on boundary

thermodynamic properties at
critical point

quantity in first cell interior to
outer boundary

reference condition
stagnation conditions

differentiation in z- and
y-directions, respectively

infinity

ideal-gas values
conditions at M =1

nondimensional quantities



Thermodynamic Properties of Sulfur
Hexafluoride

The current interest in SFg for wind-tunnel appli-
cations stems from its high density and low viscosity.
At standard conditions (peo = 1 atm, T = 298 K),
the density of SFg is approximately five times that of
air and its viscosity is about 20 percent lower (ref. 1).
From the equation for Reynolds number
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it is seen that both the increased density and the
lower viscosity serve to increase the Reynolds number
for fixed reference length and velocity. However, the
speed of sound for SFg is about one-third that of
air at these conditions, indicating that the lower
speed of sound for a fixed Mach number tends to
lessen the increases in Reynolds number obtained
from the higher density and lower viscosity. This
effect, however, is more than compensated for by the
higher density and lower viscosity of SFg so that
the Reynolds number for SFg is more than twice
that of air at standard conditions and a fixed Mach
number. Figure 1 shows Reynolds number per foot
as a function of Mach number for several stagnation
pressures and a stagnation temperature of 70° F. For
stagnation conditions of 10 atm, Reynolds numbers
on the order of 48 x 10% per foot can be obtained
at M = 0.3, whereas Reynolds numbers higher than
100 x 10% per foot can be achieved at M = 1. At
a stagnation pressure of 1 atm, Reynolds numbers
of about 4.7 x 10% and 10.3 x 108 per foot can be
attained for Mach numbers of 0.3 and 1, respectively.
At these same stagnation conditions (1 atm, 70°F),
the Reynolds number attained in air for M = 0.3
is about 2 x 10% per foot and for M = 1 is about
4.7 x 108 per foot. Therefore, through the use of
SFg, the Reynolds number increases by a factor of
23at M =0.3and by afactorof 2.1 at M = 1. It is
apparent that significant gains in Reynolds number
can be achieved by utilizing SFg as a test gas in wind
tunnels.

In addition to Reynolds number advantages, the
low speed of sound of SFg results in lower veloci-
ties and dynamic pressures for a given Mach number
and Reynolds number and, therefore, lower power
requirements and model loads than air (ref. 2). As
early as 1945, Smelt (ref. 2) examined the possible
use of SFg and other gases for use in wind tunnels be-
cause of the substantial reduction in tunnel power re-
quirements that could be attained. It was estimated
that the use of SFg would require only about 2 per-

cent of the power required for operating a similar
facility with air.

Figure 1. Attainable Reynolds numbers per foot as a function
of Mach number for several stagnation pressures and a
stagnation temperature of 70°F (294 K).

The major concern with the use of SFg in wind
tunnels is that it does not behave thermodynami-
cally in the same manner as air so that its use for
compressible flows requires careful interpretation in
order to apply SFg results to those in air. Under
most conditions, air can be treated as both thermally
and calorically perfect (p = pRT and Cp and Cy are
constants) so that the internal energy and speed of
sound are functions of temperature alone. On the
other hand, SFg generally behaves as a nonideal gas
whose properties depend on pressure as well as tem-
perature. Even at low pressures where SFg behaves
as an ideal gas (p = pRT and de® = C;(T) dT), the
ratio of specific heats differs from that of air and is
dependent on the temperature. (See ref. 3.)

Several indications of the nonideal nature of SFg
can be seen from the compressibility factor, the
bulk modulus, and the thermal expansion coefficient
(ref. 4). The compressibility factor gives an indica-
tion as to the thermal imperfection of the gas and is
defined as p
= —— 2
The bulk modulus K and the thermal expansion
coefficient 3 are defined, respectively, as

i,
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Figure 2. Thermodynamic variables of SFg as a function of pressure for several temperatures.

The bulk modulus is useful in determining the speed
of sound which may be written as
CpoK
2ol
Cup

(5)

whereas the enthalpy can be defined in terms of the
thermal expansion coefficient

dh =C, dT+(1-ﬂT)%’3 (6)

Note that for an ideal gas, the quantities Z, 8T,
and K/p are all unity, independent of the pressure.
By examination of equations (5) and (6) along with
the equation of state for an ideal gas (p = pRT), it
is evident that neither the speed of sound nor the
enthalpy varies with changes in pressure for an ideal
gas. Plots of Z, K/p, and AT for SFg are shown as
a function of pressure in figures 2(a), 2(b), and 2(c),
respectively, for several temperatures. Figure 2(a)
exemplifies the thermal imperfections of SFy in that
the compressibility factor drops well below 1. At
40°F and a pressure of 5 atm, the compressibility
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factor is approximately 0.92 and continually drops as
the pressure increases; at 10 atm, the compressibility
factor is 0.83. Although higher temperatures result in
compressibility factors nearer to unity, even at 100°F
the compressibility factor is significantly lower than
that of an ideal gas. Figures 2(b) and 2(c) indicate
the extent to which changes in pressure affect K/p
and ST and, thus, the speed of sound and enthalpy
through equations (5) and (6). The speed of sound
as a function of pressure is shown in figure 2(d) for
temperatures of 40°F, 70°F, and 100°F.

As in the case of an ideal gas, the speed of sound
decreases as the temperature is decreased. However,
since SFg is a nonideal gas, the speed of sound
drops significantly with increases in pressure. For
a temperature of 100°F, a drop of about 9.5 percent
is observed between 1 and 10 atm, whereas a drop of
about 16 percent is seen for a temperature of 40°F
over the same range of pressure. Note that this
behavior is contrary to that of an ideal gas which
has a speed of sound that is invariant with changes
in pressure. Note also that as the pressure is reduced,
Z, BT, and K/p all approach unity, indicating that



SFg behaves like an ideal gas at low pressures as
expected.

Computational Procedure

For studying the aerodynamic effects caused by
the use of SFg, numerical solutions to the two-
dimensional Euler and Navier-Stokes equations are
obtained for airfoils at various flow conditions. For
viscous calculations, the thin-layer approximation to
the Navier-Stokes equations is used in the present
analysis. The equations are written in generalized
coordinates and conservation form as

0 J 5]
&(Q)+3—£(F)+a—n(G—Gv)=0 (7)

o (8)

U

7 | U+ &5

L (E+p)U
Vo]

1| Vi +n:p

J | PV +mp

L (E+Dp)V |

(10)

0
_ 1| maTez + My Tag (1)
J | MaTEy + MyThy
nibz + nyby

(12)

p=p(p,T) (13)

The variables ¢ and 5 correspond to the coordi-
nates parallel and normal to the body surface, re-
spectively. The variable @ represents density, mo-
mentum, and total energy per unit volume, and the
Jacobian J of the transformation is defined as

_0(&n)
= 3.9) (14)

In equation (11), Eii is defined in tensor notation as

bz, = 73,2, — @z, (15)

where the shear stress and heat-flux terms are given,
respectively, by
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The variables in the preceding equations have been
nondimensionalized by introduction of the following
quantities:
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Stokes’ hypothesis for bulk viscosity, A + (2u/3)
= (, is used. The molecular viscosity of air is
computed using Sutherland’s law (ref. 4), and the
thermal conductivity is computed on the basis of
a constant Prandtl number of 0.72. For SFg, the
viscosity is determined with a linear equation given
by

p=549x 107817 - 7.877 x 1077 (19)

and the thermal conductivity is given by
k = 6.45291 x 107570942 (20)

These equations are obtained from a technical bul-
letin supplied by General Chemical. Note that the
dependence of the viscosity and thermal conductivity
for SFg over a wide range of pressure is not accounted
for. However, data given in reference 5 show that at
333 K, a difference of approximately 2.3 percent in
the viscosity is observed between 1 and 11 atm.

For all turbulent calculations, the Baldwin-Lomax
turbulence model is employed (ref. 6) where it should
be noted that for both air and SFg, the turbulent
Prandtl number is assumed to be constant with a
value of 0.8.

The equations are solved with an implicit, finite-
volume, upwind-differenced algorithm in which the
spatial derivatives of the fluxes are split into forward
and backward contributions using flux-vector split-
ting so that type-dependent differencing can be used
(ref. 7). The flux-vector splitting method used is that
of Van Leer (ref. 8), with the modifications to the flux
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formulas necessary for real-gas calculations given in
reference 9.

For both the Euler and Navier-Stokes calcula-
tions, boundary conditions are applied explicitly at
each iteration. On solid surfaces, no-slip and adia-
batic wall-boundary conditions are used for viscous
calculations and a no-flow condition normal to the
body is enforced for inviscid calculations. In the far
field, the pressure and density are determined using
a locally one-dimensional characteristic analysis nor-
mal to the outer boundary, with the resulting expres-
sions given by

1 _ —
Po = 5 [(Pi +Poo + Poooo (i — Tiso)]  (212)
Pb — Pi
ad,
Py — P

a%

Py = pi t+ (z>0) (21b)

Py = poo + (2<0) (21c)

where 4 denotes the velocity in the direction of the
outward pointing normal to the far-field boundary.
For SFg, the temperature is then determined from
the equation of state using Newton iteration and
the internal energy is calculated using the procedure
described below. For air, the internal energy is
determined from perfect-gas laws.

The incorporation of nonideal-gas thermodynam-
ics for SFg calculations is effected through the equa-
tion of state given by

(22)

_RT +z5:ai+BiT+Eie—"’T/Tc
== = (v —d)t

where the coefficients are given as (ref. 1)

k = 6.883022
T.=3188 K

d = 3.27367367 x 10”4 m®/kg
@y = —49.9051433 N-m*/kg?

by = 5.485495 x 1072 N-m*/kg?-K
%o = —2.375924505 x 103 N-m*/kg?
a3 = 4.124606 x 10™2 N-m /kg?

b3 = —3.340088 x 1075 N-m” /kg®-K

3 = 2.819595 N-m” /kg®

as = —1.612953 x 107° N-m!? /kg*
By =0

cq=0

a5 = —4.899779 x 10~ N-m!3/kg®
b5 = 1.094195 x 10711 N-m!3/kg5-K
&5 = —3.082731 x 1077 N-m'?/kg®

Equation (22) is valid over a temperature range
from 200 K to 588 K and a pressure range from about
0.05 to 68 atm. Note that this is valid throughout the
saturated region between 223 K and the critical point
(318.65 K) as well as for the superheated region.

When needed, ideal-gas specific heats are deter-
mined from a curve fit of CJ which is appropriate
between temperatures of 200 K and 722 K and is
given by (ref. 1)

Cp=C1+ CoT + C3T? + C4T3 + C5/T*  (23)

where

C = —107.9122479 J/kg-K

Cy = 3.94226447 J /kg-K?

C3 = —5.128665 x 1072 J/kg-K3
Cy = 2.422895 x 107¢ J/kg-K4
Cs = —9.602076433 x 10° J-K/kg

Since all variables have been nondimensionalized
by free-stream values, it is necessary to determine
the reference density, speed of sound, and specific
heat at constant pressure from the free-stream tem-
perature and pressure. (Note that the free-stream
temperature and pressure can be found from isen-
tropic expansions from stagnation conditions to the
desired free-stream Mach number using the technique
given in the appendix.) Given the temperature and
pressure in the free stream, the specific volume (and
therefore the density) is determined from the equa-
tion of state using Newton iteration. The speed of
sound is then calculated by

2o (B) G () PG (B
Op)g Cy\Op/7T Cy /T

where (ref. 3)

v 321)
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For initializing the flow field, the total energy per
mass is calculated by adding the kinetic energy to
the internal energy in the free stream, (7, v), which

is calculated from the departure function given by

(ref. 3)

€(T,v) — °(T,v°) = [A(T,v) — A°(T,v°))
+ T [S(T,v) — S°(T,v°)]
(27)

where €(T,v) — €°(T,v°), A(T,v) — A°(T,v°), and
S(T,v) — S°(T,v°) are the differences between the
internal energy, Helmholtz energy, and entropy, re-
spectively, at the actual temperature and specific vol-
ume and a state at the same temperature but at a
volume, v° = RT/p, at which the gas obeys ideal-
gas laws. The departure function for the Helmholtz
energy and entropy are determined by (ref. 3)

A(T,v) — A°(T,v°) = —/v( - RTT) dv

o0

carn(Y) e

S(T,v) — S°(T,v°) = —6%/0:: (p - ?) dv
e

Upon substitution of the equation of state into equa-
tions (27), (28), and (29), the final expression for the
internal energy is obtained:

e(T,v) = (T, v°)

. & + (1 + (KT/T.)] ¢ie*T/Te
2 (i— 1)(v—d)i-1

(30)
i=2

Note that the ideal internal energy €°(T,v°) is actu-
ally a function only of temperature which is deter-
mined by integration of Cj = Cp — R with respect to
temperature using equation (23).

At each iteration of the flow solver, the density,
velocity components, and total energy are obtained.
The internal energy is easily calculated by subtrac-
tion of the kinetic energy from the total energy. Since
the equation for the internal energy in the ideal-
gas state €°(T, v°) is a function only of temperature,
equation (30) represents a nonlinear equation for the
temperature that can be solved at each grid point us-
ing Newton iteration. From numerical experiments,

it has been determined that the residual of the it-
eration procedure is reduced below 1.0 x 10710 in
only four iterations for all cases examined. There-
fore, only four iterations are performed so that this
procedure may be vectorized by the compiler. Once
the iteration converges, the temperature is used in
the equation of state along with the density to deter-
mine the pressure.

Note that for the present calculations, pure SFg is
assumed. For calculations in air, the gas is assumed
to be both thermally and calorically perfect.

Inviscid Results

Numerical Results for an NACA 0012
Airfoil

Inviscid calculations have been obtained for an
NACA 0012 airfoil for both subsonic and transonic
flow conditions. All the calculations are computed
on a 129 x 41 O-type mesh that has been determined
through a grid-refinement study using air to yield
sufficiently accurate results. The outer boundary
extent for this grid is approximately 20 chords and
the average normal spacing near the body is about
7.7 x 1073, For each case, results obtained using SFg
at several free-stream pressures and temperatures are
compared with results for air. Note that calculations
for air are not shown as a function of pressure since
air is assumed to obey ideal-gas laws and is thus
independent of the free-stream pressure.

The first case shown is an NACA 0012 airfoil at
a free-stream Mach number of 0.63 and an angle of
attack of 2°. Results for air as well as for SFg at
free-stream pressures of 1 and 10 atm with a free-
stream temperature of 70°F are shown in figure 3.
As seen in figure 3(a), no difference is seen in the SFg
pressure distributions at both 10 atm and 1 atm. In
addition, little difference is apparent between the air
and SFg pressure distributions. However, as shown in
figure 3(b), the Mach number distribution over the
surface of the airfoil is markedly different between
the air and SFg calculations. For the air calculation,
the maximum Mach number on the surface of the
airfoil is approximately 0.947, whereas for the SFg
calculations, the maximum Mach number decreases
from 0.907 for the 1-atm case down to 0.873 for the
10-atm case.

It is interesting to note that for SFg, the pres-
sure coefficient at M = 1 (cj) obtained from isen-
tropic expansions is not only more negative than the
corresponding c;, for air but gets increasingly nega-
tive as the pressure is increased. This dependence
on pressure is contrary to that of air which is in-
dependent of free-stream pressure. An example of

7



(a) Pressure distribution Cp.
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Figure 3. Comparison between air and SFg calculations for
an NACA 0012 airfoil at My = 0.63 and a = 2°.

this can be seen in figure 4 where a plot of ¢, as a
function of pressure is shown for SFg as well as for
air. The free-stream Mach number for this example
is 0.63 and the free-stream temperature is 70°F. Note
that ¢, for SFg is significantly lower (i.e., more neg-
ative) than that of air and continues to decrease as
the pressure rises. Consequently, given equal local
pressure coefficients and free-stream conditions, the
maximum Mach number for SFg is dependent on the
free-stream pressure as well as on the temperature
and will be less than that of air. '

Transonic calculations for an NACA 0012 airfoil
at a free-stream Mach number of 0.8 and an angle of
attack of 1.25° are shown in figure 5. The solution
for these conditions in air has been calculated many
times in the past and is characterized by a weak
shock on the lower surface and a moderate shock on
the upper surface. As expected, the SF¢ pressure

8

— Air
---- SFg
a3 --m
*UQ 12+
-l
I 1 1 3
l'00 25 5.0 7.5 10.0

p, atm

Figure 4. Effect of pressure on critical pressure coefficient for
air and SFg at 70°F.

distributions do not agree with that of air. As seen
in figure 5, the upper-surface shock for SFg moves
increasingly forward on the airfoil as the free-stream
pressure is increased from 1 to 10 atm and the lower-
surface shock completely vanishes.

Doos @tm T, °F
20

1 .Zg | - 1 ] j
0 25 .50 5 1.00
xl/c

Figure 5. Comparison of pressure distributions between air
and SFg for an NACA 0012 airfoil with My = 0.8 and
a=1.25°

Inviscid Scaling Procedures

Motivated by the results shown above, an at-
tempt has been made to determine a systematic
Mach number scaling procedure appropriate for use
with SFg so that close agreement with air is obtained



for a wide array of pressure and temperature com-
binations. This is done by exploiting results from
the small-disturbance theory through the use of the
similarity parameter that is valid for subsonic, tran-
sonic, and supersonic flows with small disturbances
(ref. 10). In the small-disturbance theory, the two-
dimensional inviscid flow about an affine family of
thin profiles is reduced to a one-parameter problem,
namely,

1— M2 '
K= Mo (31)

[rM2,(v + 1)]2/3

The similarity parameter < combines the three pa-
rameters My, 7', and 7. By using an appropriate
definition of 4/, a new free-stream Mach number can
be obtained for use in the SFg calculations by match-
ing the similarity parameter obtained for air. After-
ward, the calculated lift and pressure coefficients can
be corrected according to (ref. 10)

c1air = ACSFg (32a)
Cpair = ACp,SF5 (32b)

where

A_7’SF6+]‘ M82F5 1'—M2

air
- . 2 2 (33)
Yair + 1 Mair 1- MSF5

Four methods for calculating 7' based on free-stream
conditions have been considered:

Lo =v= (),
SENO
3.+ (9;—2)00

4. 7’:2rm—1=1+(%‘§§-)

5,0

where T is referred to as the fundamental derivative
(ref. 11) and is given by

32
O )5 (34)

The first method is simply the ratio of specific heats
and is the actual definition of 4. The next three
methods all revert to the ratio of specific heats for a
perfect gas. However, for a real gas, the behavior of
these quantities is niot representative of the behavior
of Cp/Cy. In particular, the “equivalent” +’s defined
in methods 3 and 4 may drop below one at high
pressure but are not indicative of the stability of the
thermodynamic system.

16 —— Y=Y=CplCy
ceo- =14 (lpO)
—-— Y=pa?lp

—— Y'=1+(3a2/oh)s

Figure 6. Variation of equivalent gammas with pressure for a
temperature of 70°F.

The behavior of each definition of 4’ for SFg is
shown in figure 6 as a function of pressure for a
fixed temperature of 70°F. The corresponding Mach
number obtained from scaling considerations in order
to obtain inviscid similarity with that of air at a
Mach number of 0.8 is shown in figure 7 for each
4'. Note that for ¥/ = 1 + (p/pe)y,, the constant
in the internal energy has been chosen so that at
low pressure, the value of 7' agrees with the actual
definition of v = Cp/Cy.

As seen in figures 6 and 7, the value of 7/ = Cp/Cy
increases as the pressure increases so that the net ef-
fect is to decrease the “equivalence” Mach number.
From the pressure distribution shown in figure 5, it
is evident that an increase in Mach number is re-
quired as the pressure increases so that use of this
definition of 4’ is inappropriate. Although method 2
decreases with increasing pressure, it is also not ap-
propriate for scaling since this method does not have
the flexibility to drop below one, which has been
determined through numerical experiments to be
necessary for proper agreement with air at high pres-
sures. Method 3 is the isentropic expansion coeffi-
cient that may also be determined from isentropic
expansions between two states very close to one an-
other from which 4/ may be calculated from the re-

lation plv;’, = pzvg,. Figure 6 shows that this value
drops faster with increasing pressure than method 2
so that the resulting Mach number shown in figure 7
is somewhat higher. Also, as required, this definition
of 7' is not restricted to values greater than one.

The fourth method of determining 7’ as seen in
figures 6 and 7 decreases more rapidly with increasing
pressure than the other methods so that the Mach
number obtained is higher than that obtained with
the other methods. The latter form of method 4
is of particular interest since its use in linearizing

9
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Figure 7. Resultant Mach numbers obtained with various
equivalent gammas to achieve inviscid similarity with air
at M =08.
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Figure 8. Effect of transonic scaling for SFg using 7' = pa?/p
for an NACA 0012 airfoil with My, = 0.8 (air) and
a = 1.25°

the speed of sound in deriving the small-disturbance
potential flow equation leads to an equation that is
identical to that of an ideal gas but with 4/ used
in place of v (ref. 12). The use of this definition
of v/ should therefore be exact for scaling purposes
in which the governing equations are based on the
small-disturbance theory.

Results are shown in figure 8 where v/ = pa?/p
has been used for scaling. Excellent agreement in
shock location between air and SFg is obtained for
a pressure of 10 atm and a temperature of 70°F.
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However, inconsistent shock locations are observed
as the temperature and pressure are varied so that
at 1 atm, the SFg shock location is aft of the air
shock; whereas for 15 atm, the SFg shock location is
forward of that of the air calculation.

Results are shown in figure 9 for the same case
at several combinations of free-stream pressure and
temperature in which the use of v/ = 1+ (8a%/8h)g
has been employed for Mach number scaling. The
results show that for all cases considered, this defi-
nition of 4/ leads to remarkably consistent results in
that the shock locations are invariant with pressure
and temperature changes and the agreement with air
is good. In addition, as seen in figure 10, the compar-
ison of air and SF¢ Mach number distributions over
the airfoil is substantially improved upon applying
the Mach number correction to the subcritical NACA
0012 airfoil case shown previously in figure 3. Be-
cause of its excellent consistency across a wide range
of free-stream conditions, 7/ = 1+ (8a?/8h)g is used
in all the following results in which scaling is applied.

Note that the scaling procedure described above
is easily reversed; given the pressure, temperature,
and Mach number in the free stream for SFg, the
equivalent Mach number for air is easily obtained.
Also note that this scaling procedure is valid only
for two-dimensional calculations; however, three-
dimensional scaling laws exist but require modifi-
cations to the aspect ratio as well as to the Mach
number.

It should also be emphasized that although the
above results demonstrate the effectiveness of the
inviscid scaling procedure for correlating SFg results
with those of air, the procedure is strictly valid only
for flows governed by the small-disturbance potential
flow theory. However, from the results given above,
it is evident that satisfactory results can be obtained
in practice for flows not in strict adherence to the
small-disturbance theory.

Another method that has been used for scaling,
referred to as “streamline similarity,” has been used
experimentally for flows in Freon-12 (refs. 13 and 14).
For this method the free-stream Mach number in an
alternative test gas is determined so that the critical
area ratio (A*/A) matches that of air at the desired
Mach number. Afterward, the pressure coeflicients
are modified by calculating A* /A at each location on
the body from which the corresponding Mach num-
ber and pressure coefficients in air can then be found.
As seen in figure 11, the use of this technique for the
present study yields an upper-shock location for a
free-stream pressure of 1 atm that is slightly ahead
of the air shock and results in poor resolution of the
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Figure 9. Effect of transonic scaling for SFg using v =
1+ (9a?/0h) ¢ for an NACA 0012 airfoil with Moo = 0.8
(air) and o = 1.25°.
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Figure 10. Mach number distributions for air and SFg after
applying Mach number corections for an NACA 0012
airfoil with My, = 0.63 (air) and a = 2°.

lower-surface shock. This method also fails to give
results consistent with those of air as the pressure
and temperature are varied. Note in figure 11 that
the pressure coefficients have not been corrected to
corresponding air values since the inconsistent shock
locations make this technique ineffective for the scal-

ing of nonideal gases at high pressure. Also, the use
of this process for experimental data requires that the
pressure distribution over the entire configuration be
known. In this manner, the pressures can be cor-
rected and reintegrated in order to obtain corrected
force and moment data.

Doosatm T ,°F M,
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70 8105
9  .8182

8
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Figure 11. Effect of transonic scaling for SFg using streamline
similarity for an NACA 0012 airfoil with My = 0.8 (air)
and a = 1.25°.

Viscous Calculations
Flat-Plate Calculations

Laminar and turbulent results for flow over a flat
plate have been calculated using a computer program
modified from that described in reference 15. Typical
results are shown in figures 12 and 13 where ratios
of SFg to air of several laminar boundary-layer pa-
rameters are shown. Figure 12 shows boundary-layer
thickness, displacement thickness, momentum thick-
ness, and skin-friction ratios over a Mach number
range from 0.2 to 0.9 for free-stream conditions of
9 atm and 70°F. As seen from figure 12, the increase
in boundary-layer thickness and displacement thick-
ness due to an increase in Mach number is much less
pronounced for SFg than for air. This difference can
be in excess of 10 percent for the displacement thick-
ness at Mach numbers on the order of one. The ex-
planation of this can be illustrated by examining the
behavior of a laminar boundary layer for an ideal gas
with adiabatic-wall boundary conditions. The rate
of change of the displacement thickness with Mach

11



number is approximately given by (ref. 10)

8 (6" N /o)

M o (7= 1)Mx (35)

From this equation, it is evident that even at low
pressures where SFg behaves as an ideal gas with
~ =2 1.1, the displacement thickness increases approx-
imately four times faster with increasing Mach num-
ber for air (y = 1.4) than for SFg. Therefore, as the
Mach number is increased, the differences between
the air and SFg boundary layers may become very
pronounced. Note also in figure 12 that the ratios of
0sFg/0air and cfsFe /¢f qir increase slightly with in-
creasing Mach number, which is the opposite trend
from that seen for the boundary-layer and displace-
ment thicknesses.

The variations of boundary-layer properties ‘with
pressure are shown in figure 13 for a free-stream
Mach number of 0.8 and a temperature of 70°F. As
seen in the figure, the effects of pressure changes on
boundary-layer properties are small and are far less
significant than those of Mach number. The greatest
variation with pressure is seen in the displacement
thickness which shows only a 0.58-percent difference
in the ratios of SFg to air over a pressure range from
1 to 9 atm.
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Figure 12. Comparison of flat-plate laminar boundary-layer
parameters for air and SFg for several Mach numbers with
Poo = 9 atm and T, = 70°F.
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Figure 13. Comparison of flat-plate laminar boundary-layer
parameters for air and SFy for several free-stream pres-
sures with M, = 0.8 and T, = 70°F.

The flat-plate results obtained above indicate
that differences in the boundary-layer thickness due
to Mach number effects are much greater than those
attributed to varying the free-stream pressure. Fur-
thermore, since the Mach number corrections im-
posed on the inviscid flow field through the use of
the scaling laws are relatively small and are cer-
tainly not large enough to significantly affect the
thickness of the SFg boundary layer, it appears that
the boundary-layer properties for flows in SFg will
not agree with those of air except for the case of
low Mach numbers. Although the matching of cer-
tain boundary-layer parameters can be achieved by
using different Reynolds numbers for air and SFg,
the simultaneous matching of all parameters is not
possible. For example, since both ¢; and 6*/z in-
crease in inverse proportion to the square root of the
Reynolds number, modification of the Reynolds num-
ber to match one of the parameters will degrade the
correlation of the other. Although not shown, the
variation of boundary-layer properties for turbulent
flow over a flat plate behaves similarly.

Viscous Airfoil Calculations

A series of turbulent results have been obtained
for flows over the Royal Aircraft Establishment
(RAE) 2822 and NACA 0012 airfoils. All calcula-
tions are shown for 265 x 101 C-type meshes with
181 points on the surface of the airfoil, a far-field
extent of 20 chords away from the body, and an av-
erage spacing normal to the body of approximately
2 x 1076, These parameters have been found to give



essentially grid-converged results by calculating flows
on successively finer grids. The first case presented
is that for flow over the RAE 2822 airfoil at a Mach
number of 0.2, a Reynolds number of 6.5 x 108, and
an angle of attack of 2.54°. The free-stream tempera-
ture and pressure are chosen to be 70°F and 10 atm,
respectively, and the transition location is fixed at
3 percent chord. Comparisons between the air and
SF¢ skin frictions are shown in figure 14. Because
of the low Mach number, the skin frictions are in
very good agreement between the air and SFg cal-
culations, thus indicating that the flow is essentially
incompressible. The calculated lift coefficients for air
and SFg differ by 0.55 percent and are 0.537 and
0.540, respectively. Note that because of the nearly
incompressible nature of this case, no Mach number
correction is required for the SFg calculation.

4 o 103
---- SFg; poo = 10 atm; T, = 70°F
— Air

0 25 .50 75 1.00
x/c

Figure 14. Skin-friction coefficients for air and SF¢ for
RAE 2822 airfoil with My = 0.2, a = 2.54°, and
Nge = 6.5 x 108

The next case considered is a compressible flow
over the RAE 2822 airfoil in which no shocks are
present. Results for both air and SFg with a free-
stream pressure of 10 atm and a temperature of
70°F are compared with experimental values (ref. 16)
for air in figures 15-17 for a Reynolds number of
5.7 x 10 and an angle of attack of 1.93°. For this
case, transition is fixed at 3 percent chord which is
the location at which transition strips were placed
experimentally. The free-stream Mach number for
air is 0.676 which agrees with that of experiment.
Because of compressibility effects, the Mach num-
ber used for SFg is adjusted through the use of the
inviscid scaling procedure and is determined to be
0.7086 based on v’ = 0.9179 calculated for the current
free-stream conditions. Only small differences are ob-
served between the calculated air and SF¢ pressure
coefficients over the surface of the airfoil. In addition,
the agreement in pressure distributions between the
computed values and experimental data is seen to be

---- SFg; poo = 10 atm; Too = 70°F; Mo, = 0.7086
Air; Mo, =0.676 :

o Experiment (air, ref. 16)

|
25 .50 a5 1.00
x/c

Figure 15. Calculated pressure coefficients for air and SFs
compared with experimental data in air for RAE 2822
airfoil with My = 0.676 (air), « = 1.93°, and Ng, =
5.7 x 108,

X 103

---- SFg; Poo = 10 atm; Too = 70°F; Moo = 0.7086
Air; Mo, =0.676
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Figure 16. Calculated skin-friction coefficients for air and SF¢
compared with experimental data in air for an RAE 2822
airfoil with My = 0.676 (air), a = 1.93°, and Ng. =
5.7 x 108

good. Examination of the skin friction and displace-
ment thickness, however, reveals differences arising
from compressibility. As with the flat-plate results,
the skin-friction coefficient is higher for SFg than for
air, whereas the displacement thickness is somewhat
less.

Transonic results are shown for the RAE 2822
airfoil in figures 18 and 19 for a Reynolds number of
6.5x 108 and an angle of attack of 2.54°. For this case,
SFg results at several combinations of free-stream
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Figure 17. Calculated displacement thickness for air and SFg
compared with experimental data in air for an RAE 2822
airfoil with My = 0.676 (air), a = 1.93°, and Np. =

5.7 x 105,
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Figure 18. Calculated pressure coefficients for air and SFg
compared with experimental data in air for an RAE 2822
airfoil with My, = 0.729 (air), ¢ = 2.54°, and Ng, =
6.5 x 108,

temperature and pressure are compared with air
calculations as well as with experimental data. Note
that for each free-stream temperature and pressure, a
different Mach number is required for each of the SFg
calculations in order to achieve inviscid similarity
with air at a Mach number of 0.729. The value of v/
used for each of the calculations is given in figure 18
along with the resulting pressure distributions.
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Figure 19. Calculated skin-friction coefficients for air and SFg
compared with experimental data in air for an RAE 2822
airfoil with My = 0.729 (air), a = 2.54°, and Np, =
6.5 x 108,

Because of the Mach number scaling applied to
each of the SFg cases, the results for all the SFg calcu-
lations agree very well with each other in spite of the
variations in free-stream pressure and temperature.
The shock location for the air calculation agrees well
with the experimental data and is somewhat ahead
of the SFg shock locations. This discrepancy can be
attributed to two sources. First, careful examination
of figure 20, which depicts inviscid results for this
case, shows that although good agreement in shock
location is achieved by scaling the Mach number for
SF¢ based on free-stream conditions, the shock cal-
culated is slightly aft of that for air and the re-
expansion behind the shock is noticeably different.
Second, since the boundary layer for -SFg is thin-
ner than that for air, the flow outside the bound-
ary layer “sees” a slightly thinner geometry which re-
sults in less movement upstream of the shock because
of boundary-layer displacement effects. Skin-friction
results for each of the SFg cases are compared with
those of air along with experimental data in figure 19.
Ahead of the shock, all the SFg skin frictions appear
to be very close to each other but are higher than the
air values. At the shock, the skin friction for both air
and SFg indicate a small region of separation.

In addition to the results obtained above, vis-
cous results using both air and SFg have been ob-
tained and compared with experimental data (refs. 17
and 18) for the NACA 0012 airfoil at a Reynolds
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Figure 20. Calculated pressure coefficients for air and SFg
(inviscid) for an RAE 2822 airfoil with My, = 0.729 (air)
and o = 2.54°.

number of 6 x 10% and a free-stream Mach number
of 0.3500 (air). For the calculations that follow, em-
phasis is placed on determining the highest angle of
attack at which steady lift values can be obtained. In
this manner, general conclusions may be made as to
the relative accuracy that can be achieved by substi-
tuting SFg in place of air for determining conditions
near maximum lift. Although the free-stream Mach
number is relatively low, high Mach numbers may
occur locally on the body because of the high angle
of attack. It should be noted that the last angle of
attack for which steady lift can be maintained is not
the same as that occurring at maximum lift for the
airfoil. The maximum lift condition is generally an
unsteady phenomenon and is determined experimen-
tally by averaging data over a finite time period.

A comparison of calculated and experimental lift
coefficients as a function of angle of attack is shown
in figure 21 for air. Experimental data of Ladson
(ref. 17) is shown by the solid line, whereas the
symbols denote computational values. The dashed
line represents the experimental data of Harris af-
ter applying the suggested angle-of-attack correction
(ref. 18). As seen, the computational and experimen-
tal results agree well up to about 10.5°, which is the
last angle of attack for which steady lift values could
be obtained computationally.

However, as seen in figure 22, SFg calculations at
the same Mach number and a free-stream tempera-
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Figure 21. Comparison of lift plotted against angle of attack
between calculations (air) and experimental data (air) for
an NACA 0012 airfoil with My = 0.3500 and Np, =
6.0 x 10

ture of 70°F yield steady solutions up to & = 11.5° for
a free-stream pressure of 10 atm. For a free-stream
pressure of 1 atm, shown in figure 23, steady lift could
be obtained up to 11°. It is apparent that for SFg,
the maximum angle of attack for steady lift is greater
than that of air and is dependent on the free-stream
conditions. This is attributed to the fact that as the
free-stream temperature and pressure are changed,
the maximum local Mach numbers on the airfoil are
also altered. For example, the maximum Mach num-
ber in the field for the air calculations at & = 10.5° is
about 1.3, whereas the maximum Mach number for
the SFg case at 70°F and 10 atm is only about 1.08
and at 1 atm is approximately 1.14.

1.8 —— Experiment (air, ref. 17)
---- Experiment (air, ref. 18)
o  Calculated (SFg); poo = 10 atm; Too = 70°F
0
[o]
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Figure 22. Comparison of lift plotted against angle of attack
between experimental data (air) and calculations (SFg) at
P = 10 atm and Ty, = 70°F for an NACA 0012 airfoil
with My, = 0.3500 and Ng, = 6.0 x 106,
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Figure 23. Comparison of lift plotted against angle of attack
between experimental data (air) and calculations (SFs)
at poo = 1 atm and Ti, = 70°F for an NACA 0012 airfoil
with My = 0.3500 and Ng, = 6.0 x 105.

Mach number corrections to the SFg calculations
have been applied to both the 1- and 10-atm cases.
The resulting free-stream Mach numbers for the two
cases are 0.3715 (7' = 1.074) for the 1-atm case and
0.3833 (v = 0.9179) for the 10-atm case. Figures 24
and 25 show the lift curves for the 10- and l-atm
cases, respectively, obtained by performing the calcu-
lations at the scaled Mach numbers. With the Mach
number corrections, the maximum angle of attack for
which steady lift could be obtained was 10.5° for the
10-atm case at 70°F, which is in agreement with that
obtained for air. For the 1-atm case, however, steady
lift could be achieved at an angle of attack of 10.75°
which is slightly greater than that for air.
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Figure 24, Comparison of lift plotted against angle of attack
between experimental data (air) and calculations (SFg)
using Mach number scaling for an NACA 0012 airfoil with
My = 0.3500 (air) and Ng, = 6.0 x 106.
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Figure 25. Comparison of lift plotted against angle of attack
between experimental data (air) and calculations (SFg)
using Mach number scaling for an NACA 0012 airfoil with
My = 0.3500 (air) and Ng, = 6.0 x 105.

Comparisons of upper-surface skin frictions be-
tween air and SFg at an angle of attack of 10.5° are
shown in figure 26(a) for the 10-atm case and in fig-
ure 26(b) for the 1-atm case. Air results are shown
in each figure along with SFg at both the corrected
and uncorrected Mach numbers. Without the Mach
number correction, the skin frictions for SFg at both
1 and 10 atm are in poor agreement with that of
air. A small separated region near the leading edge
of the airfoil that is present in the air calculation is
completely absent for both of the SFg calculations
obtained at the uncorrected Mach number. Good
agreement is seen for SFg using the scaled Mach num-
bers with the extent of separation matched well, al-
though differences in the skin friction still remain at
about 10 percent chord for the 1-atm case.

Computed pressure distributions for air and SFg
are compared with experimental data (ref. 18) in fig-
ure 27 for an angle of attack of 10°. The SFg pressure
distributions have been corrected for correlation with
air. As seen, the air and SFg calculations agree quite
well with each other as well as with the experimental
data.

The pressure distributions over the first 12 per-
cent of the airfoil at an angle of attack of 10.5° are
shown in figure 28 for air and for the 10-atm SFg
case with and without the Mach number correction.
It is seen that with the Mach number correction, the
minimum ¢, for SFg occurring at the nose is in good
agreement with that of air. On the contrary, the pres-
sure coefficient obtained without the Mach number
correction is not in such close agreement with air. It
is evident that for these cases, a Mach number cor-
rection is very helpful even though the free-stream
Mach number is relatively low.
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Figure 26. Skin-friction coefficients for air and SFg computed
at two different pressures with and without Mach number
corrections for an NACA 0012 airfoil with o = 10.5° and
Nge = 6.0 x 105.

Finally, in figures 29 and 30 comparisons are
shown for air at a Mach number of 0.3185 and an
angle of attack of 11.5° with those for SFg at a
Mach number of 0.3500 and the same angle of attack.
The Mach number for the air calculation has been
determined through the use of Mach number scaling
in order to verify that the SFg results at a Mach
number of 0.3500 can be used to find those of air
at an alternate Mach number. Recall that for air
at a Mach number of 0.3500, the maximum angle of
attack at which a steady solution could be obtained
was 10.5°. With Mach number scaling, however, the

Posatm T ,°F M,
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Figure 27. Calculated pressure distributions for air and SFg
compared with experimental data (air) for an NACA 0012
airfoil with a = 10° and Ng, = 6.0 x 106,
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Figure 28. Calculated pressure distributions near leading edge
for air and SFg computed with and without Mach number
corrections for an NACA 0012 airfoil with a = 10.5° and
Nge = 6.0 x 105.

Mach number is sufficiently reduced so that a steady
lift can now be obtained at a = 11.5°. As seen in
figures 29 and 30, both the pressure distributions
and skin frictions agree well between air and SFg.
Note that for this comparison, the SFg pressures have
been modified according to the scaling procedure to
correlate with those in air at a Mach number of
0.3185.
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Figure 29. Calculated pressure coefficients for air and SFg at
10 atm for an NACA 0012 airfoil with My, = 0.3185 (air),
My = 0.3500 (SFg), a = 11.5°, and Ng, = 6.0 x 108.
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Figure 30. Calculated skin-friction coefficients for air and SFg
at 10 atm for an NACA 0012 airfoil with M, = 0.3185
(air), My = 0.3500 (SFg), @ = 11.5°, and Np, =
6.0 x 106.

Concluding Remarks

A study has been conducted to examine several
aspects of using sulfur hexafluoride (SFg) as a sub-
stitute for air in wind tunnels in order to conduct
testing at high Reynolds numbers. An attempt has
been made in the current study to examine some
of the differences introduced and to demonstrate a
Mach number scaling procedure that is essential in
obtaining good correlation between air and SFg re-
sults, particularly for transonic flows with shocks.

18

The main problems stemming from the use of SFg
are that for compressible flows, neither the shock
locations nor the boundary-layer parameters agree
with that of air. It is shown in the current study that
the first problem can be effectively compensated for
by the use of a Mach number scaling that is based on
the small-disturbance theory using an “equivalent”
gamma calculated from properties in the free stream.
For inviscid transonic flows, this has been shown to
give consistently good agreement between air and
SFg over a range of free-stream temperatures and
pressures.

Since the impetus for high Reynolds number test-
ing is to match the boundary-layer parameters to
those at flight Reynolds numbers, the biggest prob-
lem in using SFg is that for flows in which com-
pressibility is significant, the variation of boundary-
layer parameters with Mach number is different be-
tween air and SFg. This is very important for
shock/boundary-layer interactions and for determin-
ing conditions near maximum lift. In the latter case,
calculations at high angles of attack and low Mach
numbers using both air and SFg have been made in
order to determine the maximum angle of attack at
which steady lift can be obtained. It is shown that
this angle of attack for air and SFg do not agree and
that the results for SFg are dependent on the free-
stream conditions. However, significant improvement
can be obtained in comparing air and SFg results by
applying a Mach number scaling. This has the ef-
fect of correcting the inviscid portion of the flow field
that is instrumental in determining boundary-layer
properties.

Computations for flow over an RAE 2822 airfoil
were made to show the effect of Mach number. For
a low Mach number where the flow is essentially in-
compressible, no difference is observed between the
skin frictions calculated for air and SFg. As the
Mach number is increased, the boundary layer for
air becomes thicker than that of SFg and boundary-
layer displacement effects are more pronounced. For
a transonic case at which SFg calculations are ob-
tained for three combinations of free-stream temper-
ature and pressure, differences in the shock location
between air and SFg are seen. These are attributed
to the thinner boundary layer for SFg and to the fact
that the Mach number scaling does not give exact
agreement, even for inviscid cases.

Although exact agreement between air and SFg
at a given Reynolds number cannot generally be at-
tained for all Mach numbers, the use of SFg at high
Reynolds numbers may still yield more fruitful in-
formation than extrapolated results from air data at
lower Reynolds numbers. In general, it should be



expected that good agreement with air can be ob-
tained for incompressible or nearly incompressible
flows. As the Mach number is increased, the cor-
relations in boundary-layer parameters should be ex-
pected to deteriorate because of thermodynamic dif-
ferences between the gases.

The suitability of employing SFg for testing high-
lift devices can currently be determined only through
experiments. This is due to the uncertainty in tran-
sition locations between air and SFg which is very
important in determining the performance of the

high-lift system. Also, since the flow field around
high-lift systems is greatly dependent on the gap set-
tings between the elements, good agreement of the
boundary-layer parameters with those of air is essen-
tial. Unfortunately, the flow can reach locally high
Mach numbers between the elements of the high-lift
system even though the free-stream Mach number
may be low.

NASA Langley Research Center
Hampton, VA 23665-5225
February 28, 1991
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Appendix

Isentropic Expansions for Sulfur
Hexafluoride

Isentropic expansions are often necessary for de-
termining relationships between two states at differ-
ent Mach numbers. For these calculations, the total
enthalpy and entropy are the same at both states:

2 AI22
H=h+%=e+p’u+ 2

= Constant (A1)

S(vg, To) = S(v1,T1) =0 (A2)

Note that for SFg, the internal energy necessary
for determining the enthalpy is expressed as a func-
tion of temperature and specific volume by equa-
tion (30). An expression for the difference in entropy
can be obtained as a sum of differences between the
states shown in figure 31 and is given by

S(v2,T3) — S(v1,T1) = S(v2, T2) — S°(vp, Tp)
+ 5°(vy, Tp) — S°(v,, Ta)
+ 5°(vg, To) — S(v1,T1)
(A3)

The difference in entropy between states (ve, T3) and
(vp,Tp) is determined using the departure function
for entropy that is given by equation (29). After sub-
stitution of the equation of state into equation (29),
this difference is given by

S(v2,Ty) — 8°(vy, Tyy)

_ v2
=—-R ln(v2_d)

5 b — (k/TCaie—sz/Tc)
2 T D d

1=2

~Rn (”—b) (Ad)

V2

A similar expression is obtained for the difference in
entropy between states (v3,7Tg) and (vy,T7). Note
that between (vy,T;) and (vg, Tp), the gas is consid-
ered to behave as an ideal gas so that the difference
in entropy between these two states (which are at the
same specific volume ) can be expressed as

S°(15, Ty) - S°(0R. Ta) = / Sar (a9)
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a Ideal gas b

T

Figure 31. Representative states for determining changes in
thermodynamic properties.

By using equations (A3)-(A5) along with the
equation of state and the curve fit of C}; given by

equation (23), the statement of constant entropy
between states 1 and 2 is given by

S-S =-R 1n(”1“;)

vy —

+(Ci—R) In (g: ) +Co(T — TY)

C
—3(T§ 1)+ ST - 1)

Gy 1
2 T’~’ T2
5 b — (k/Tcéie_kT2/T“)

TS (- D -di!
5 b — (k/T ;e le/TC)

+ Z (i —1)(vg —d)L

=0 (A6)

The procedure used in the current study for the
isentropic expansions is a “divide and conquer” al-
gorithm in which the specific volume is used as an
iteration parameter. Two initial values of the spe-
cific volume (v; and vy) are assumed so that when
the temperatures 77 and T3 are obtained using the
condition of constant entropy, the total enthalpy cal-
culated from (v1,7T1) and the desired Mach number
will be higher than the actual total enthalpy, whereas
the conditions at (vg, Tp) will yield a total enthalpy
that is lower than the desired value. Note that the
desired value of the total enthalpy is obtained from
the reference temperature, pressure, and Mach num-
ber. The average value of the two initial guesses of
the specific volume is then used to obtain a specific
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Figure 32. Procedure for determining isentropic expansion
between two states.

volume that is between the two previous ones. The
temperature T} is obtained from equation (A6) us-
ing Newton iteration, and the total enthalpy is cal-
culated from (v}, T4) and the Mach number at which
the conditions are sought. If the resulting total en-
thalpy is higher than the actual value desired, the
current specific volume replaces the previous value
of v1. Conversely, if the total enthalpy is lower than
that desired, then vy is replaced with the current

value of specific volume. The values of v; and v; are
again averaged together and the process is repeated
until the total enthalpy at the desired Mach number
is the same as that at the reference conditions. Note
that the condition of constant entropy is automati-
cally satisfied through the use of equation (A6). For
further clarity, a summary of the technique is shown
in figure 32.

Sample results are shown in figure 33 where isen-
tropic expansions for SFg are compared with those
of air for Mach numbers up to 1. For the calcula-
tions in figure 33, the reference condition is chosen
as stagnation with a temperature of 70°F. Results
are shown for air and for SFg, which has results for
both 10 and 1 atm. The figure indicates that both
the pressure and temperature drop more rapidly for
air than for SFg as the Mach number increases. The
density, however, changes slightly more rapidly for
SFg than for air.

Since the procedure described above is applicable
for isentropically expanding between states at any
two Mach numbers, several properties can be cal-
culated in addition to finding conditions in the test
section of a wind tunnel from the stagnation condi-
tions. For example, the value of 7/ = 1 4 (8a?/0h)g
can easily be obtained by expanding between two
Mach numbers that are very close to one another.
Although 7' = 1 + (9a?/8h)g can be calculated an-
alytically from the equation of state, isentropic ex-
pansions can be used as a check that the thermody-
namic and algebraic manipulations have been done
correctly. Also, for given free-stream conditions, the
value of ¢ can be easily determined by expanding
from the fgee-stream Mach number to M = 1. Con-
versely, given the free-stream conditions and a value
of ¢p, the local Mach number can be determined in
regions of the flow that have the same entropy and
total enthalpy as the free stream.

The effects on isentropic expansions of changing
the stagnation conditions are also interesting to note.
For an isentropic expansion from stagnation condi-
tions to a given Mach number, both the tempera-
ture and pressure decrease as the Mach number in-
creases. Although decreases in temperature result in
a lower speed of sound, recall from figure 2(d) that
decreases in pressure lead to an increase in the speed
of sound. At low pressures where the gas behaves
ideally, the increase in Mach number leads to a de-
crease in the speed of sound because of the decrease
in temperature. However, at a high stagnation pres-
sure as the Mach number is increased, the increase
in speed of sound due to the decrease in pressure
dominates over the decrease in speed of sound due
to decreasing temperature. The net effect is that for
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---- SFg 1 70
—-— SFg 10 70
— Air

(a) Pressure p/pr.
1 1
0 25 .50 75 1.00

(b) Density p/p.
1
0 25 .50 75 1.00

(c) Temperature 7/T.
1

1 I |
0 25 .50 75 1.00
M

Figure 33. Variation of pressure, density, and temperature
with Mach number for air and SFg determined from
isentropic expansions.
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Figure 34. Speed of sound for SFg as a function of Mach
number for various stagnation conditions at Tr = 70°F.

high stagnation pressures, the speed of sound also
increases as the Mach number increases. Since a drop
in pressure and temperature have opposite effects
on the speed of sound, stagnation conditions can be
found that will result in a speed of sound that varies
only slightly over a fairly wide Mach number range.
This occurs when the fundamental derivative given
in equation (34) becomes unity so that (9a®/0h)s
vanishes.

Plots of the speed of sound as a function of Mach
number are shown in figure 34 for several combina-
tions of stagnation pressure and temperature. For a
stagnation pressure of 1 atm and a stagnation tem-
perature of 70°F, it is seen that as the Mach number
increases, the speed of sound is reduced. This trend
is the same as that observed for an ideal gas such
as air. At stagnation conditions of 10 atm and 70°F,
however, an increase in the speed of sound is observed
as the Mach number is increased to M = 1 because
of the decrease in pressure. For stagnation condi-
tions of 6.9 atm and TO°F, the speed of sound is seen
to be essentially constant with a variation of only
about 0.1 percent over the Mach number range con-
sidered. For these stagnation conditions, (8a®/0h)g
varies from about —0.02 at M = 0.2 up to a value of
0.02 at M =1.
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